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In this paper, we will present new developments in the study of
the links between the cardinality of the sets O (R) of all overrings
of R , SSFc(R) of all semistar operations of ﬁnite character when
ﬁnite to the Krull dimension of an integral domain R . In particular,
we prove that if |SSFc(R)| = n + dim R , then R has at most n − 1
distinct maximal ideals. Moreover, R has exactly n − 1 maximal
ideals if and only if n = 3. In this case R is a Prüfer domain
with exactly two maximal ideals and Y -graph spectrum. We also
give a complete characterizations for local domains R such that
|SSFc(R)| = 3 + dim R , and nonlocal domains R with |SSFc(R)| =
|O (R)| = n + dim R for n = 4, n = 5, n = 6 and n = 7. Examples to
illustrate the scopes and limits of the results are constructed.
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1. Introduction
In 1994, Okabe and Matsuda [24] introduced the notion of semistar operations. This concept ex-
tends the classical concept of star operations, as developed in Gilmer’s book [10], and hence the
related classical theory of ideal systems based on the work of W. Krull, E. Noether, H. Prüfer, and
P. Lorenzen. Since then, many investigations of semistar operations have been done (for instance see
[5–7,14–18] and [20,22,23]).
Let R be an integral domain with quotient ﬁeld L, F¯ (R) the set of all nonzero R-submodules of L,
F (R) the set of all nonzero fractional ideals of R , i.e., all A ∈ F¯ (R) such that dA ⊆ R for some nonzero
d ∈ R , and f (R) the set of all nonzero ﬁnitely generated R-submodules of L. Then f (R) ⊆ F (R) ⊆
F¯ (R). A mapping F¯ (R) → F¯ (R), E → E∗ is called a semistar operation on R if for all nonzero x ∈ L
and E, F ∈ F¯ (R), the following properties are satisﬁed:
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(∗2) E ⊆ E∗ and E ⊆ F implies E∗ ⊆ F ∗ ,
(∗3) E∗∗ = E∗ .
If E ∈ F¯ (R), then E∗ ∈ F¯ (R∗) ⊆ F¯ (R). The R-submodules of L belonging to F¯ ∗(R) := {E∗/E ∈ F¯ (R)} are
called semistar R-submodules of L. Similarly, we can consider F ∗(R) := {E∗/E ∈ F (R)} and f ∗(R) :=
{F ∗/F ∈ f (R)}. It is easy to see that F ∗(R) ⊆ F (R∗), but in general F (R∗)  F (R). Also F¯ ∗(R) ⊆ F¯ (R∗)
and this inclusion may be strict, see [5, Remark 1.0(b)]. A semistar operation ∗ on R is proper if
R  R∗ . However, if R = R∗ , then ∗ restricted to F (R) deﬁnes a star operation on R . The map E →
Ee := L, for each E ∈ F¯ (R) deﬁnes a semistar operation on R called the e-operation and the map
E → Ed¯ := E deﬁnes a trivial semistar operation called the d¯-operation. It is easy to see that each
star operation ∗ on R can be extended to a semistar operation ∗¯ as follows: E ∗¯ = E∗ if E ∈ F (R)
and E∗ = L if E ∈ F¯ (R) \ F (R). The extension of the v-(respectively t-) operation will denoted by v¯
(respectively t¯).
A semistar operation ∗ on R is said to be of ﬁnite character (or of ﬁnite type) if E∗ =⋃{F ∗/F ∈
f (R), F ⊆ E} for each E ∈ F¯ (R). For each semistar operation ∗ on R , we associate a semistar opera-
tion of ﬁnite character ∗ f deﬁned by E∗ f :=⋃{F ∗/F ∈ f (R), F ⊆ E} for each E ∈ F¯ (R). Obviously, a
semistar operation ∗ is of ﬁnite character if and only if ∗ = ∗ f . Note that v¯ f = t¯ . If S is an overring
of R, we write ∗S for the semi star operation (of ﬁnite character) induced by S , that is, E∗S := E S for
each E ∈ F¯ (R). Clearly e = ∗L and d¯ = ∗R .
Finally, let S S(R) denote the set of all semistar operations on R , SSFc(R) the set of all semistar
operations of ﬁnite character on R , S F c(R) the set of all star operations of ﬁnite character on R ,
O (R) the set of all overrings of R, Spec(R) the set of all prime ideals of R , (R) the set of all maximal
ideals of R and for a set X , let |X | denote the cardinality of X . The purpose of the present paper is to
characterize some classes of integral domains with ﬁnite number of semistar operations of ﬁnite char-
acter. Precisely, we aim at characterizing integral domains R such that |O (R)| = |SSFc(R)| = n+ dim R
for a given positive integer n. As the cases where n = 1,2,3 are already done (see [20, Theorems 4.3
and 4.4] and [22, Theorem 7]), we will focus on the cases where n = 4,5,6, and 7. Unreferenced
material is standard, typically as in [10] or [12].
2. Semistar operations and Krull dimension
2.1. The nonlocal case
In this section we will study the links between the cardinality of the set of all semistar operation
of ﬁnite character when ﬁnite to the Krull dimension of R . It is worth to recall that for a domain R ,
any overring T of R induces a semistar operation of ﬁnite character ∗T deﬁned by E∗T = ET . Thus if
SSFc(R) is ﬁnite, then R is an FO-domain [9], that is, R has a ﬁnite number of overrings. In particular
Spec(R) is ﬁnite [9, Corollary 1.6]. Moreover, if R is integrally closed, then R is a Prüfer domain [9,
Theorem 1.5]. We start with the following useful preliminary results.
Lemma 2.1. Let R be an integral domain with ﬁnite dimension. Then 1 + dim R  |O (R)|  |SSFc(R)| 
|S S(R)|.
Proof. Straightforward. 
Lemma 2.2. (See [21, Theorem 2.5].) Let R be an integral domain of ﬁnite dimension.
(1) |O (R)| = 1+ dim R if and only if R is a valuation domain [22, Theorem 7].
(2) |O (R)| = 2+ dim R if and only if R is a local domain, R ′ is a valuation domain and each proper overring
of R contains R ′ . In this case O (R) = {R} ∪ O (R ′) [20, Theorem 4.4].
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In [20, Theorem 3.6], the author characterized integral domains R such that each semistar opera-
tion ∗ on R is deﬁned by an overring of R , that is, ∗ = ∗R∗ for each ∗ ∈ S S(R) if and only if R is a
totally divisorial conducive domain. In the context of integrally closed domains R and when restricted
to the semistar operations of ﬁnite character, each semistar operation is deﬁned by an overring if and
only if R is a Prüfer domain [20, Corollary 3.4]. Our next goal is to characterize integral domains R
for which each semistar operation of ﬁnite character is deﬁned by an overring in the general setting,
equivalently, the map φ : O (R) → SSFc(R), T → φ(T ) = ∗T is bijective.
According to [25], we recall that a domain R is said to be an fgv-domain if each ﬁnitely generated
ideal is divisorial. Clearly R is an fgv-domain if and only if the t-operation on R is trivial, that is,
t = d. Since d  w  t , where w is the w-operation, an fgv-domain is a TW -domain. We also recall
that a domain R is Prüfer if and only if R is an fgv-domain which is integrally closed.
Theorem 2.3. Let R be an integral domain. The following statements are equivalent:
(i) Each semistar operation of ﬁnite character on R is deﬁned by an overring, that is, ∗ = ∗R∗ for each ∗ ∈
SSFc(R) (equivalently, φ is bijective);
(ii) Each overring of R is an fgv-domain.
Proof. (i) ⇒ (ii). Since t¯ ∈ SSFc(R), then t¯ = t¯Rt¯ = d¯ (and so t = d). Hence R is an fgv-domain. Now, let
T be an overring of R and let t¯1 denote the t¯-semistar operation on T . Let ∗ be the semistar operation
of ﬁnite character on R deﬁned by A∗ = (AT )t¯1 . By (i), ∗ = ∗R∗ = ∗T . Hence for each A ∈ F (T ),
At¯1 = (AT )t¯1 = A∗ = A∗T = AT = A. So t¯1 = d¯1 and then t1 = d1. Therefore T is an fgv-domain.
(ii) ⇒ (i). Let ∗ ∈ SSFc(R) and set T = R∗ . For each A ∈ F¯ (R), A∗T = AT = AR∗ ⊆ (AR∗)∗ =
(AR)∗ = A∗ . Conversely, let x ∈ A∗ . Since ∗ is of ﬁnite character, then there exists B ∈ f (R) such
that B ⊆ A and x ∈ B∗ . Since ∗|F (T ) is a star operation of ﬁnite character and T is an fgv-domain, then
∗|F (T ) = dT . Hence x ∈ B∗ ⊆ (BT )∗ = BT ⊆ AT = A∗T and therefore A∗ = A∗T . It follows that ∗ = ∗T ,
as desired. 
Corollary 2.4. (See [20, Theorem 3.1, or Corollary 3.4].) Let R be an integrally closed domain. Then SSFc(R) =
{∗T /T ∈ O (R)} if and only if R is a Prüfer domain.
According to [22, Theorem 7], for a domain R , 1+ dim R = |SSFc(R)| if and only if R is a valuation
domain. In view of this theorem, we will focus on integral domains satisfying |SSFc(R)| = n + dim R
where n is a positive integer with n 2.
Theorem 2.5. Let R be an integral domain with ﬁnite Krull dimension and n be a positive integer with n 2.
If |SSFc(R)| = n+dim R (respectively |O (R)| = n+dim R), then R has at most n−1 distinct maximal ideals.
Moreover, R has exactly n−1maximal ideals if and only if n = 3. In this case R is a Prüfer domain with exactly
two maximal ideals and Y -graph spectrum.
Proof. First note that R is an FO-domain and so Spec(R) and Max(R) are ﬁnite [9, Corollary 1.6].
Assume that |SSFc(R)| = n + dim R (respectively |O (R)| = n + dim R). Let Max(R) = {M1, . . . ,Ms} be
the set of all distinct maximal ideals of R and suppose that dim R = r = htM1. Let 0 = P0  P1  · · · 
Pr−1  Pr = M1 be a chain of prime ideals of R and let E = {e,d,∗RP1 , . . . ,∗RPr−1 ,∗RM1 , . . . ,∗RMs }
(respectively O = {R, L, RP1 , . . . , RPr−1 , RM1 , . . . , RMs }). Clearly E ⊆ SSFc(R) (respectively O ⊆ O (R)).
Then r+1+ s = |E| |SSFc(R)| = n+ r (respectively r+1+ s = |O| |O (R)| = n+ r). Hence s n−1,
as desired.
Now, assume that R has exactly n − 1 maximal ideals, that is, s = n − 1. Then E = SSFc(R) =
{e,d,∗RP1 , . . . ,∗RPr−1 ,∗RM1 , . . . ,∗RMn−1 }. So O (R) = {R, L, RP1 , . . . , RPr−1 , RM1 , . . . , RMn−1 }. Hence each
overring of R is ﬂat over R (as a localization of R) and therefore R is a Prüfer domain. If n = 2, then R
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1 + dim R = |SSFc(R)| = |O (R)| = n + dim R = 2 + dim R , absurd. Hence 3  n. If n  4, then R has
at least three distinct maximal ideals M1,M2 and M3. Set T1 = RM1 ∩ RM2 , T2 = RM1 ∩ RM3 , and
T3 = RM2 ∩ RM3 . Clearly for each i ∈ {1,2,3}, Ti is a Prüfer domain with exactly two maximal ideals
(as an intersection of two independent valuation overrings of R). So R = Ti , RP j = Ti and RMk = Ti
for each j ∈ {1, . . . , r − 1}, k ∈ {1, . . . ,n − 1} and i ∈ {1,2,3}, which is a contradiction with the fact
that O (R) = {R, L, RP1 , . . . , RPr−1 , RM1 , . . . , RMn−1 }. It follows that n = 3, as desired.
Now, R has a Y -graph spectrum and the converse follows from [20, Theorem 4.3] and
Lemma 2.2. 
In [15, Theorem 2], R. Matsuda characterized integral domains R with dim R = n  2 such that
|S S(R)| = n + 4. Our next theorem characterizes integral domains R such that |SSFc(R)| = 4+ dim R .
Theorem 2.6. Let R be an integral domain which is not local. Then the following conditions are equivalent.
(i) |O (R)| = 4+ dim R.
(ii) |SSFc(R)| = 4+ dim R.
(iii) R is a Prüfer domain, dim R = r  2, R has exactly two maximal ideals M and N and Spec(R) =
{0= P0  P1  · · ·  Pr−1  Pr = M, Pr−1  N and Pr−2 ⊆ N}.
Proof. (i) ⇒ (ii). Assume that |O (R)| = 4+ dim R . Since R is not local, then so is R ′ . Now, if R  R ′ ,
then O (R ′)  O (R). By Lemma 2.2, 3 + dim R = 3 + dim R ′  |O (R ′)|  |O (R)| − 1 = 3 + dim R =
3+ dim R ′ . Hence |O (R ′)| = 3+ dim R ′ and therefore R ′ is a Prüfer domain with exactly two maximal
ideals M ′ and N ′ and Y -graph spectrum. Set r = dim R = dim R ′ = htM ′ and let 0 = Q 0  Q 1 
· · ·  Qr−1  Qr = M ′ be chain of prime ideals of R ′ . Clearly O (R ′) = {R ′, L, R ′Q 1 , . . . , R ′Qr−1 , R ′M′ , R ′N ′ }.
Therefore O (R) = {R, R ′, L, R ′Q 1 , . . . , R ′Qr−1 , R ′M′ , R ′N ′ } = O (R ′) ∪ {R}. Now, for each maximal ideal M
of R , since RM is distinct from R (R is not local), then RM ∈ O (R ′). Hence R ′ ⊆ RM and so R ′ ⊆⋂
M∈Max(R) RM = R , which is absurd. Hence R = R ′ and therefore R a Prüfer domain. By Corollary 2.4,
|SSFc(R)| = |O (R)| = 4+ dim R , as desired.
(ii) ⇒ (iii). Assume that |SSFc(R)| = 4 + dim R . By Theorem 2.5, R has at most three maximal
ideals and if R has exactly three maximal ideals then n = 3, which is absurd. Hence |Max(R)|  2.
Since R is not local, then 2  |Max(R)| and so |Max(R)| = 2. Set Max(R) = {M,N} and suppose that
htM = r = dim R . Let (0) = P0  P1  · · ·  Pr−1  Pr = M be chain of prime ideals of R .
Now, since R is not local, then 3+ dim R  |O (R)| |SSFc(R)| = 4+ dim R . If |O (R)| = 3+ dim R ,
then R is a Prüfer domain (Lemma 2.2) and so 3+ dim R = |O (R)| = |SSFc(R)| = 4+ dim R , which is
absurd. Hence |O (R)| = 4+ dim R . As in the proof of (i) ⇒ (ii), R is a Prüfer domain.
If dim R = 1, then Spec(R) = {(0),M,N}. Hence O (R) = {R, RM , RN , L}, SSFc(R) = {e, d¯,∗RN ,∗RM }
and so |O (R)| = |SSFc(R)| = 4 = 3 + dim R , which is a contradiction. Hence dim R = r  2. On the
other hand, if there exists a nonzero nonmaximal prime ideal Q of R distinct from each Pi , then for
each i ∈ {1, . . . , r − 1}, the overring Ti = RPi ∩ RQ deﬁnes a semistar operation of ﬁnite character ∗Ti
and {e,d,∗RP1 , . . . ,∗RPr−1 ,∗RM ,∗RN ,∗RQ , {∗Ti }1ir−1} ⊆ SSFc(R). So 2r + 3 |SSFc(R)| = r + 4. Thus
r  1, which is absurd. Hence Spec(R) = {0= P0  P1  · · ·  Pr−1  Pr = M,N}.
Now, if Pr−1 ⊆ N , then R is a Prüfer domain with exactly two maximal ideals and Y -graph spec-
trum, so by [20, Theorem 4.3], |SSFc(R)| = 3 + dim R , absurd. Hence Pr−1  N . Finally, if Pr−2  N ,
then set T1 = RN ∩ RPr−1 and T2 = RN ∩ RPr−2 . Then {e,d,∗RP1 , . . . ,∗RPr−1 ,∗RM ,∗RN ,∗T1 ,∗T2} ⊆
SSFc(R) and therefore r + 5 |SSFc(R)| = r + 4, a contradiction. It follows that Pr−2  N and Spec(R)
is of the form:
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als M and N and Spec(R) = {0  P1  · · ·  Pr−1  Pr = M, Pr−1  N and Pr−2 ⊆ N}, that is, R
has graph spectrum as in the ﬁgure above. Since R is a Prüfer domain, then |O (R)| = |SSFc(R)|
(Corollary 2.4). Now, by [11, Corollary 2.4], |O (R)| = 4 + dim R (in fact it is easy to see that
O (R) = {R, L, RP1 , . . . , RPr−1 , RM , RN , RN ∩ RPr−1 }). 
The next theorem deals with the case n = 5.
Theorem 2.7. Let R be an integral domain which is not local. The following assertions are equivalent.
(i) |SSFc(R)| = 5+ dim R.
(ii) Either
(a) R is a Prüfer domain with exactly two maximal ideals, dim R  3 and Spec(R) = {0  P1  · · · 
Pr−1  Pr = M, Pr−2  N and Pr−3 ⊆ N}, or
(b) each overring of R is an fgv-domain, R ′ is a Prüfer domain, R and R ′ have Y -graph spectrum and
O (R) = O (R ′) ∪ {R, RQ }, where Q is one of the two maximal ideals of R. Moreover, in this case
|O (R)| = 5+ dim R.
Proof. (i) ⇒ (ii). Assume that |SSFc(R)| = 5+ dim R . Since R is not local, then 3+ dim R  |O (R)|
|SSFc(R)| = 5 + dim R , if |O (R)| = 3 + dim R or |O (R)| = 4 + dim R , then by Lemma 2.2 and Theo-
rem 2.6 (respectively), R is a Prüfer domain and so |O (R)| = |SSFc(R)| (Corollary 2.4), which is absurd.
Hence |O (R)| = 5+ dim R = |SSFc(R)| and by Theorem 2.3, each overring of R is an fgv-domain. Also
by Theorem 2.5 R has at most 4 maximal ideals and R cannot have exactly 4 maximal ideals (since
here n = 5). So R has at most three maximal ideals. Since R is not local, then 2 |Max(R)| 3.
Case 1. R = R ′ . Then R is an integrally closed FO-domain and so a Prüfer domain [9, Theorem 1.5]. If
|Max(R)| = 3, then set Max(R) = {M1,M2,M3} and let (0) = P0  P1  . . .  Pr = M1 be a chain of
prime ideals of R such that r = dim R . Set T1 = RM1 ∩ RM2 , T2 = RM1 ∩ RM3 and T3 = RM2 ∩ RM3 .
Clearly T1, T2 and T3 are Prüfer domains with exactly two maximal ideals (as intersections of
independent valuation domains). So, {R, L, RP1 , . . . , RPr−1 , RM1 , RM2 , RM3 , T1, T2, T3} ⊆ O (R). Hence
r + 7  |O (R)| = |SSFc(R)| = 5 + r, which is absurd. Therefore |Max(R)| = 2. Say Max(R) = {M,N},
htM = dim R = r and let (0) = P0  P1  . . .  Pr = M be a chain of prime ideals of R . If r =
dim R = 1, then as in the proof of Theorem 2.6, |SSFc(R)| = 4, which is absurd. Hence r = dim R  2.
Now, if Q is a nonzero nonmaximal prime ideal of R with Q = Pi for each i ∈ {1, . . . , r}, then Q ⊆ N
and {Ti = RQ ∩ RPi ,1  i  r} is a set of distinct overrings of R and Ti = RP j , Ti = R for each i, j.
Hence {R, L, RP1 , . . . , RPr−1 , RM , RN , RQ , {Ti}1ir} ⊆ O (R). Thus, 2r + 4 |O (R)| = |SSFc(R)| = r + 5.
So r  1, which is absurd. Therefore Spec(R) = {(0) = P0  P1  · · ·  Pr = M,N}.
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which is absurd. So Pr−1  N . If Pr−2 ⊆ N , by Theorem 2.6, |S Fc(R)| = 4 + dim R and this yields
also a contradiction. Hence Pr−2  N and therefore r  3. Finally if Pr−3  N , then r  4. Set T1 =
RN ∩ RPr−1 , T2 = RN ∩ RPr−2 and T3 = RN ∩ RPr−3 . Then {e, d¯, {∗RPi }{1ir},∗RN , {∗T j }1 j3} ⊆ SSFc(R).
Hence r + 6 |SSFc(R)|, which is a contradiction. It follows that Pr−3  N and so the graph spectrum
of R is described as follows:
Case 2. R  R ′ . Then R /∈ O (R ′) and so O (R ′)  O (R). Hence |O (R)|  |O (R)| − 1 = 4 + dim R .
Since R is not local, then so is R ′ . By Lemma 2.2, 3 + dim R = 3 + dim R ′  |O (R ′)|  4 + dim R .
Hence either |O (R ′)| = 3 + dim R or |O (R ′)| = 4 + dim R . If |O (R ′)| = 4 + dim R , then O (R) =
{R} ∪ O (R ′). So for each maximal ideal Q of R , RQ ∈ O (R ′) (since R  RQ , as R is not lo-
cal). Hence R ′ ⊆ ⋂Q ∈Max(R) RQ = R , which is a contradiction. Therefore |O (R ′)| = 3 + dim R =
3 + dim R ′ . By Lemma 2.2, R ′ is a Prüfer domain with exactly two maximal ideals M ′ and N ′
and Y -graph spectrum, that is, Spec(R ′) = {(0) = Q 0  Q 1  · · ·  Qr−1  M ′ ∩ N ′}, and O (R ′) =
{R ′, L, R ′Qr−1 , . . . , R ′Q 1 , R ′M′ , R ′N ′ }. Set Pi = Q i ∩ R for each i, M = M ′ ∩ R and N = N ′ ∩ R . We claim
that Spec(R) = {(0)  P1  · · ·  Pr = M ∩ N}, that is, R has exactly two maximal ideals M and N
and Y -graph spectrum. Indeed, let P is a prime ideal of R . Since R  R ′ is an integral extension,
then there exists a prime ideal Q of R ′ such that Q ∩ R = P . But Spec(R ′) = {(0) = Q 0  Q 1  · · · 
Qr−1  M ′,N ′} implies that Q = Q i for some i, or Q = M ′ or Q = N ′ . Hence P = Pi or P = M or
P = N , as desired.
Now, if RN = R ′N ′ and RM = R ′M′ , then R = RM ∩ RN = R ′M′ ∩ R ′N ′ = R ′ , which is absurd. Hence
either RN  R ′N ′ or RM  R
′
M′ . If RN  R
′
N ′ , then O (R) = {R, R ′, L, R ′Qr−1 = RPr−1 , . . . , R ′Q 1 = RP1 , RM =
R ′M′ , RN  R
′
N ′ } = O (R ′) ∪ {R, RN } and if RM  R ′M′ , then O (R) = {R, R ′, L, R ′Qr−1 = RPr−1 , . . . , R ′Q 1 =
RP1 , RN = R ′N ′ , RM  R ′M′ } = O (R ′) ∪ {R, RM}. Therefore O (R) = O (R ′) ∪ {R, RQ }, where Q = M or
Q = N , as desired.
(ii) ⇒ (i). If (a) holds, then by Corollary 2.4 and [11, Corollary 2.4], |SSFc(R)| = |O (R)| = 5+ dim R
(in fact it is easy to see that O (R) = {R, L, RP1 , . . . , RPr−1 , RM , RN , RN ∩ RPr−2 , RN ∩ RPr−1 }).
If (b) holds, then by Theorem 2.3, |SSFc(R)| = |O (R)|. Also by Lemma 2.2, |O (R ′)| = 3 + dim R .
Hence |SSFc(R)| = |O (R)| = |O (R ′)| + 2 = 5+ dim R and this completes the proof. 
The next two theorems deal with the cases where n = 6 and n = 7 in the context of integrally
closed domains.
Theorem 2.8. Let R be an integrally closed domain. Then the following conditions are equivalent.
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(ii) |O (R)| = 6+ dim R.
(iii) R is a Prüfer domain, dim R = r  4, R has exactly two maximal ideals M and N, and Spec(R) =
{0  P1  · · ·  Pr−1  Pr = M, Pr−3  N and Pr−4 ⊆ N}.
Proof. (i) ⇔ (ii). Trivial since R is a Prüfer domain (Corollary 2.4).
(ii) ⇔ (iii). Assume that |O (R)| = 6+ dim R and suppose that R has at least three maximal ideals,
say M1,M2 and M3. Assume that htM1 = r = dim R and let 0 = P0  P1  · · ·  Pr−1  Pr = M1
be a chain of prime ideals of R . Then O (R) ⊇ {R, {RPi }1ir−1, RM1 , RM2 , RM3 , RM1 ∩ RM2 , RM1 ∩
RM3 , RM2 ∩ RM3 , L}. Hence r+7 |O (R)|, which is a contradiction. But since R is not local (otherwise,
R would be a valuation domain and so |O (R)| = |SSFc(R)| = 1+dim R , [20, Theorem 3.4]), then R has
exactly two maximal ideals M and N . Without loss of generality, we may assume that htM = dim R =
r and let 0 = P0  P1  · · ·  Pr−1  Pr = M be a chain of prime ideals of R .
Claim. Spec(R) = {0 = P0  P1  · · ·  Pr−1  Pr = M,N}. Indeed, suppose that there is a nonzero
nonmaximal prime ideal Q of R such that Q /∈ {0 = P0  P1  · · ·  Pr−1  Pr = M,N}. Since the
above chain of prime ideals is saturated then Q  M and Q  Pi for each i ∈ {1, . . . , r − 1}. Hence
Q  N . Now, suppose that there exists some j ∈ {1, . . . , r − 1} such that P j  Q and P j+1  Q . Then
O (R) ⊇ {R, {RPi }1ir−1, RM , RN , RQ , {RQ ∩RPi } j+1ir, {RN ∩RPi } j+1ir−1, L}. Hence 3r+3−2 j |O (R)| = r + 6. So 2(r − j)  3. Hence either r − j = 0 or r − j = 1. If r − j = 0, then r = j  r − 1,
absurd. Also if r − j = 1, then j = r − 1 and so Pr−1 = P j  Q . Hence 0 = P0  P1  · · ·  Pr−1 
Q  N and therefore r + 1 htN  dim R = r, a contradiction too. Hence For each j ∈ {1, . . . , r − 1},
P j  Q implies that P j+1 ⊆ Q . But since Pr = M  Q , then Q is incomparable to all Pi , i = 1, . . . , r.
Also here O (R) ⊇ {R, {RPi }1ir−1, RM , RN , RQ , {RQ ∩ RPi }1ir, {RN ∩ RPi }1ir−1, L}. Hence r+6=|O (R)|  3r + 3. So 2r  3 and then r  1. Since R is not a ﬁeld, then r = 1 and therefore Q is a
maximal ideal, which is absurd (since Q  N). It follows that Spec(R) = {0 = P0  P1  · · ·  Pr−1 
Pr = M,N}, as claimed.
Now, if Pr−1 ⊆ N , by [20, Theorem 4.3], |O (R)| = |SSFc(R)| = 3 + dim R , which is a contradiction.
Hence Pr−1  N . So r  2 (otherwise r = 1 would implies that P0 = 0 ⊆ N). If Pr−2 ⊆ N , by Theo-
rem 2.6, |O (R)| = 4 + dim R , which is absurd. Hence Pr−2  N . So r  3. Here too, if Pr−3 ⊆ N , by
Theorem 2.7, |O (R)| = 5+ dim R , which is a contradiction. Hence Pr−3  N . So r  4.
Finally, if Pr−4  N , then set Ti = RPr−i ∩ RN for i = 1,2,3,4. Then O (R) ⊇ {R, {RPi }1ir, RN ,{Ti}1i4, L}. Hence r + 7 |O (R)|, which is a contradiction. It follows that Pr−4 ⊆ N and the graph
spectrum of R is of the form:
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O (R) = {R, RP1 , . . . , RPr−1 , RM , RN , RN ∩ RPr−1 , RN ∩ RPr−2 , RN ∩ RPr−3 , L}. Hence |SSFC(R)| = |O (R)| =
6+ r = 6+ dim R , as desired. 
According to [20, Theorem 4.3 and Theorem 4.4], [22, Theorem 7] and Theorems 2.6, 2.7 and 2.8,
it is worthy to note that a domain R with |SSFc(R)| = |O (R)| = n + dim R with n  6 has at most
two maximal ideals (trivially one maximal ideal in the local case and exactly two maximal ideals in
the nonlocal case). However, a Prüfer domain with |SSFc(R)|  7 + dim R can have more then three
maximal ideals as it is shown by the following theorem and Example 3.8.
Theorem 2.9. Let R be an integrally closed domain. Then the following conditions are equivalent.
(i) |O (R)| = 7+ dim R.
(ii) |SSFc(R)| = 7+ dim R.
(iii) R is a Prüfer domain, and either
(a) dim R = 1 and R has exactly three maximal ideals; or
(b) dim R  5, R has exactly two maximal ideals M and N and Spec(R) = {0 = P0  P1  · · ·  Pr−1 
Pr = M,N, Pr−4  N, Pr−5  N}; or
(c) dim R  2, R has exactly two maximal ideals M and N and Spec(R) = {0 = P0  P1  · · ·  Pr−2 
Pr−1  Pr = M, Pr−2  Q  N}.
Proof. As R is an integrally closed FO-domain, then R is a Prüfer domain.
(i) ⇔ (ii) Immediate by [20, Corollary 3.4].
(i) ⇒ (iii). Assume that R has at least four maximal ideals M1, M2, M3 and M4. Without loss
of generality we may assume that htM1 = dim R = r. Let 0 = P0  P1  · · ·  Pr−1  Pr = M be a
chain of prime ideals of R . Clearly O (R) ⊇ {R, L, RP1 , . . . , RPr−1 , RM1 , RM2 , RM3 , RM4 , RM1 ∩RM2 , RM1 ∩
RM3 , RM1 ∩ RM4 , RM2 ∩ RM3 , RM2 ∩ RM4 , RM3 ∩ RM4 }. Hence r + 11 |O (R)| = 7+ r, which is absurd.
It follows that |Max(R)| 3. Two cases are then possible:
Case 1. |Max(R)| = 3. In this case dim R = 1. Otherwise, assume that Max(R) = {M1,M2,M3} and
set htM1 = dim R = r  2. Let 0 = P0  P  M1 be a chain of prime ideals of R . Then O (R) ⊇
{R, L, RP , RM1 , RM2 , RM3 , RM1 ∩ RM2 , RM1 ∩ RM3 , RM2 ∩ RM3 }. Hence 8 = 7+dim R = |O (R)| 9, which
is absurd. It follows that dim R = 1, and the assertions (a) is satisﬁed.
Case 2. |Max(R)| = 2, that is, R has exactly two maximal ideals M and N . Assume that r = dim R =
htM and let 0 = P0  P1  · · ·  Pr−1  Pr = M be a chain of prime ideals of R .
Subcase 1. Spect(R) = {0 = P0  P1  · · ·  Pr−1  Pr = M,N}. If Pr−1 ⊆ N , by [20, Theorem 4.3],
|O (R)| = |SSFc(R)| = 3 + dim R , which is absurd. Then Pr−1  N and so r  2. If Pr−2 ⊆ N , by Theo-
rem 2.6, |O (R)| = |SSFc(R)| = 4+dim R , which is a contradiction too. Hence Pr−2  N and so r  3. If
Pr−3 ⊆ N , by Theorem 2.7, |O (R)| = |SSFc(R)| = 5+ dim R , which is a contradiction. Hence Pr−3  N
and so r  4. If Pr−4 ⊆ N , by Theorem 2.8, |O (R)| = |SSFc(R)| = 6 + dim R , which is a contradiction
too. Hence Pr−4  N and so r  5. If Pr−5  N , then set Ti = RPr−i ∩ RN for i = 1,2,3,4,5. Then
O (R) ⊇ {R, {RPi }1ir, RN , {Ti}1i5, L}. Hence r + 8  |O (R)| = 7 + r, which is a contradiction. It
follows that Pr−5 ⊆ N . Hence the assertion (b) is satisﬁed and the graph spectrum of R is of the
form:
A. Mimouni / Journal of Algebra 321 (2009) 1497–1509 1505Subcase 2. Assume that there exists a nonzero nonmaximal prime ideal Q of R such that Q /∈ {0 =
P0  P1  · · ·  Pr−1  Pr = M,N}, then Q  M (otherwise, since R is a Prüfer domain, then prime
ideals under M are comparable and since the chain is saturated, then Q = Pi for some i, absurd).
Hence Q  N .
If P j  Q for all j ∈ {1, . . . , r − 1}, then {Ti = RQ ∩ RPi ,1  i  r} and {Sk = RN ∩ RPk , 1  k 
r − 1} are sets of distinct overrings of R and Ti , Sk are distinct than R and RP j for each i, j,k.
Hence {R, L, RP1 , . . . , RPr−1 , RM , RN , RQ , {Ti}1ir, {Sk}1kr−1} ⊆ O (R). Thus, 3r + 3  |O (R)| =
r + 7. Hence r  2. If r = 1, then Q would be a maximal ideal, which is absurd. Hence r = 2 and
therefore Spec(R) = {(0)  P  M, (0)  Q  N} is a particular case of (c) and described as follows:
Now assume that P j  Q for some j ∈ {1, . . . , r−1}. Then j  r−2, otherwise j = r−1 would implies
that 0 = P0  P1  · · ·  Pr−1  Q  N and so r + 1 htN  dim R = r, a contradiction. Also we may
assume that j is the largest one such that P j+1  Q (such j exists since Pr = M  Q ). Then it is easy
to see that {R, L, RP1 , . . . , RPr−1 , RM , RN , RQ , {Ti = RQ ∩ RPi } j+1ir}, {Sk = RN ∩ RPk } j+1kr−1} ⊆
O (R). Thus, 3r − 2 j + 3 |O (R)| = r + 7. Hence 2(r − j) 4. So r − j  2. If r − j = 1, then j = r − 1,
which is absurd. Hence r − j = 2. So j = r − 2 and Spec(R) = {0 = P0  P1  · · ·  Pr−2  Pr−1 
Pr = M, Pr−2  Q  N} is described as follows:
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2.2. The local case
In [20, Theorem 4.3] it proved that for a nonlocal domain R , 3+dim R  |SSFc(R)| and the equality
holds if and only if R is a Prüfer domain with exactly two maximal ideals and Y -graph spectrum.
However, the local case was left open. Our next result treats this case.
Theorem 2.10. Let R be a local domain. Then |SSFc(R)| = 3 + dim R if and only if R ′ is a valuation domain
and one of the following conditions is satisﬁed:
(1) R has exactly two star operations of ﬁnite character and each proper overring of R contains R ′ , or
(2) each overring of R is an fgv-domain and O (R) = {R, T } ∪ O (R ′). Moreover, in both cases, Spec(R) is a
chain.
Proof. We ﬁrst recall that 1 + dim R  |O (R)|  |SSFc(R)|. Assume that |SSFc(R)| = 3 + dim R . Then
R is an FO-domain and so R ′ is a Prüfer domain [9, Corollary 1.2]. Clearly R  R ′ . Otherwise, R = R ′
implies that R is valuation and then |SSFc(R)| = 1+dim R [22, Theorem 7], which is absurd. We claim
that R ′ is a valuation domain. Indeed, if R ′ is not local, then by [20, Theorem 4.3], 3 + dim R = 3 +
dim R ′  |SSFc(R ′)| = |O (R ′)| < |O (R)| |SSFc(R)| = 3+dim R , absurd. Hence R ′ is local and therefore
R ′ is a valuation domain. Set r = dim R and let 0  P1  · · ·  Pr−1  Pr = M be a chain of prime
ideals of R and 0  Q 1  · · ·  Qr−1  Qr = N be a chain of prime ideals of R ′ such that Q i ∩ R = Pi
(note that Spec(R ′) = {0  Q 1  · · ·  Qr−1  Qr = N}). Since E = {R, R ′, RP1 , . . . , RPr−1 , L} ⊆ O (R),
then 2 + dim R = |E|  |O (R)|  |SSFc(R)| = 3 + dim R . So either |O (R)| = 2 + dim R , or |O (R)| =
3+ dim R .
Case 1. |O (R)| = 2 + dim R . Then O (R) = E. Let i ∈ 1, . . . , r − 1. Since R ′Q i ∈ O (R), then there exists
j ∈ 1, . . . , r − 1 such that R ′Q i = RP j . So Pi = Q i R ′Q i ∩ R ′ ∩ R = Q i R ′Q i ∩ R = P j R P j ∩ R = P j . Hence
i = j and therefore RPi = R ′Q i . So each proper overring of R is a valuation domain and so an fgv-
domain. Now, if R itself is an fgv-domain, then each overring of R is an fgv-domain. By Theorem 2.3,
|O (R)| = |SSFc(R)|, which is absurd. Hence R is not an fgv-domain and therefore d¯ = t¯ . So d = t and
SSFc(R) = {e, d¯, t¯,∗R ′ ,∗RPi 1ir−1}. Now, if ∗ ∈ S F c(R), then its extension ∗¯ ∈ SSFc(R). Since R ∗¯ = R ,
then either ∗¯ = d¯ or ∗¯ = t¯ . So ∗ = d or ∗ = t . Hence S F c(R) = {d, t} and the condition (1) is satisﬁed.
Case 2. |O (R)| = 3 + dim R = |SSFc(R)|. By Theorem 2.3 each overring of R is an fgv-domain. Since
O (R ′) ⊆ O (R) and |O (R ′)| = 1+ dim R (R ′ is valuation), then O (R) = {R, T } ∪ O (R ′), as desired.
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Since Spec(R ′) = {0  Q 1  · · ·  Qr−1  Qr = N}, then Q = Q i for some i. Hence P = Pi and there-
fore Spec(R) = {0  P1  · · ·  Pr−1  Pr = M}.
Conversely, assume that R ′ is a valuation domain. If the condition (1) is satisﬁed, then clearly
{e, d¯, t¯,∗R ′Q i 1ir−1} ⊆ SSFc(R). Let ∗ ∈ SSFc(R) and set T = R
∗ . If T = R , then the restriction ∗|F (R)
is a star operation of ﬁnite character on R . So either ∗|F (R) = d or ∗|F (R) = t . Hence ∗ = d¯ or ∗ = t¯ .
Also, if T = L, then clearly ∗ = e. Assume that R  T  L. Then R ′ ⊆ T . So T is a valuation domain
and therefore an fgv-domain. Since ∗|F (T ) is a star operation of ﬁnite character on T , then ∗|F (T ) = dT ,
where dT is the (trivial) d-operation on T . We claim that ∗ = ∗T . Indeed, let A ∈ F¯ (R). Then A∗T =
AT = AR∗ ⊆ (AR∗)∗ = (AR)∗ = A∗ . Conversely, let x ∈ A∗ . Since ∗ is of ﬁnite character, then x ∈ B∗
for some ﬁnitely generated submodule B of A. Hence x ∈ B∗ ⊆ (BT )∗ = BT ⊆ AT = A∗T (note that,
here (BT )∗ = BT since BT is a ﬁnitely generated submodule of T and T is an fgv-domain). Then
A∗ = A∗T and therefore ∗ = ∗T . It follows that SSFc(R) = {e, d¯, t¯,∗T {T∈O (R ′)\{L}}}. Hence |SSFc(R)| =
3+ |O (R ′)| − 1 = 3+ 1+ dim R − 1 = 3+ dim R , as desired.
If the second condition is satisﬁed, by Theorem 2.3, |SSFc(R)| = |O (R)| = 2 + |O (R ′)| = 2 + 1 +
dim R ′ = 3+ dim R , as desired. 
Questions. We end this section with the following questions.
Let n  1 be a positive integer and let R be an integral domain with ﬁnite Krull dimension such
that |SSFc(R)| = n + dim R . Is n − 1 + dim R  |O (R)| n + dim R? and is |O (R)| = n + dim R in the
case where R is a nonlocal domain?
The last term of the inequality is always true (as |O (R)| |SSFc(R)|), and according to Lemma 2.2,
Theorem 2.6 and Theorem 2.7, the answer is Yes for n 5. We are not able to prove or disprove this
result for an arbitrary positive integer n greater than or equal to 6.
3. Examples and counterexamples
Before starting this section, we recall that a domain R is said to be divisorial if every nonzero
ideal is divisorial, that is, v = d. Also a conducive domain is a domain R such that the conductor
(R : T ) is nonzero for every overring T of R other than its quotient ﬁeld [4]. In particular if a do-
main is conducive, then F¯ (R) = F (R) ∪ {L}. Therefore, two semistar operations on R coincide if they
coincide on F (R). The following result (which is a combination of [1, Theorems 6.2 and 6.3] and [13,
Theorem 3.8]) can be found in [3, Theorem A], and will be of use whenever we need to prove that a
domain R (or any overring of R) is divisorial.
Lemma 3.1. (See [3, Theorem A].) Let R be a local Noetherian domain with maximal ideal M. Then R is diviso-
rial if and only if dim R = 1 and (R : M)/R is simple.
Example 3.2. A one-dimensional Noetherian local domain with |O (R)| = |SSFc(R)| = 3+ dim R .
Let k be a ﬁeld and X an indeterminate over k. Set R = k[[X2, X5]]. Then R is a one-dimensional
Noetherian local domain which is divisorial (Lemma 3.1 since M−1 = k[[X2, X3]]). Also it is easy to
see that O (R) = {R  R1 = k[[X2, X3]]  R2 = R ′ = k[[X]]  L = qf (R) = k((X))} and each overring of
R is divisorial (Lemma 3.1) so fgv-domain. By Theorem 2.3, |SSFc(R)| = |O (R)| = 4 = 3+dim R (in fact
SSFc(R) = {e, d¯,∗M−1 ,∗R ′ } and the condition (2) of Theorem 2.9 is satisﬁed).
Example 3.3. A one-dimensional Noetherian local domain with |O (R)| = |SSFc(R)| = 4+ dim R .
Let k be a ﬁeld and X an indeterminate over k. Set R = k[[X2, X7]]. Then R is a one-dimensional
Noetherian local domain which is divisorial (since M−1 = k[[X2, X5]]). Also it is easy to see that
O (R) = {R  R1 = k[[X2, X5]]  R2 = k[[X2, X3]]  R3 = R ′ = k[[X]]  L = qf (R) = k((X))} and each
overring of R is divisorial (Lemma 3.1) so fgv-domain. By Theorem 2.3, |SSFc(R)| = |O (R)| = 5 =
4+ dim R (in fact SSFc(R) = {e, d¯, {∗Ri }{1i3}}).
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4+ dim R .
Let k be a ﬁeld and X an indeterminate over k. Set R = k[[X3, X4, X5]]. Then R is a one-
dimensional Noetherian local domain which is not divisorial (Lemma 3.1, since M−1 = k[[X]] and
R  k[[X2, X3]]  M−1). Also it is easy to see that O (R) = {R  R1 = k[[X2, X3]]  R2 = R ′ = k[[X]] 
L = qf (R) = k((X))} and each proper overring of R is divisorial (Lemma 3.1) so fgv-domain. Clearly
|O (R)| = 4= 3+ dim R , however |SSFc(R)| = 5 = 4+ dim R (in fact SSFc(R) = {e, d¯, t¯, {∗Ri }{1i2}}).
Example 3.5. A one-dimensional Noetherian local domain with |O (R)| = |SSFc(R)| = 5+ dim R .
Let k be a ﬁeld and X an indeterminate over k. Set R = k[[X3, X5]]. Then R is a one-dimensional
Noetherian local domain which is divisorial (since M−1 = k[[X3, X5, X7]]). Also it is easy to see that
O (R) = {R  R1 = k[[X3, X5, X7]]  R2 = k[[X3, X4, X5]]  R3 = k[[X2, X3]]  R4 = R ′ = k[[X]]  L =
qf (R) = k((X))} and each overring of R is divisorial (Lemma 3.1) so fgv-domain. By Theorem 2.3,
|SSFc(R)| = |O (R)| = 6 = 5+ dim R (in fact SSFc(R) = {e, d¯, {∗Ri }{1i4}}).
Example 3.6. The following is an example of a domain R with |O (R)| = 5 + dim R and |SSFc(R)| =
6+ dim R .
Let Q be the ﬁeld of rational numbers, X an indeterminate over Q. Set V = Q(√2,√3 )[[X]] =
Q(
√
2,
√
3 ) + M , where M = XV and R = Q + M . By [2, Theorem 2.1], R is a one-dimensional
Noetherian local domain with maximal ideal M . Since each overring of R is comparable to V
[2, Theorem 3.1], then it is easy to see that O (R) = {R, V , L = qf (R), R1 = Q(
√
2 ) + M, R2 =
Q(
√
3 ) + M, R3 = Q(
√
6 ) + M} and all proper overrings of R are divisorial [2, Corollary 4.4]. Hence
|O (R)| = 6= 5+ dim R .
We claim that SSFc(R) = {e, d¯, t¯,∗V , {∗Ri }{1i3}}. Indeed, since R is a Noetherian domain, then
t = v . Also since R is not local with maximal ideal M and M is divisorial [8, Corollary 3], then
d = w [19, Proposition 2.2]. Hence the only star operations of R are d and t . On the other hand,
since [Q(√2,√3 ) : Q] = 4, then R is not divisorial [2, Corollary 4.4]. Hence d = v . Also, since R is
a conducive domain [4, Proposition 2.2], then F¯ (R) = F (R) ∪ {L}. But Ld¯ = L = Lw¯ and Lt¯ = L = Lv¯
implies that w¯ = d¯ = t¯ = v¯ . Now, let ∗ ∈ SSFc(R). If R∗ = R , then ∗|F (R) is either d or t . But R con-
ducive implies that ∗ = d¯ or ∗ = t¯ . Assume that R  R∗ . Then R∗ is a proper overring of R and
so divisorial. Hence ∗|F (R∗) is the trivial operation of R∗ . Now, let A ∈ F (R). Then A∗ = (AR)∗ =
(AR∗)∗ = (AR∗)∗|F (R∗) = AR∗ ⊆ (AR∗)∗ = A∗ . Hence A∗ = AR∗ = A∗R∗ . So ∗ = ∗R∗ and therefore
SSFc(R) = {e, d¯, t¯,∗V , {∗Ri }{1i3}}. Hence |SSFc(R)| = 7, as desired.
Example 3.7. A one-dimensional Noetherian local domain R such that |SSFc(R)| = |O (R)| = 6+ dim R .
Let k be a ﬁeld and X an indeterminate over k. Let R = k[[X3, X7]]. Since M−1 = k[[X3, X7, X11]],
by Lemma 3.1, R is divisorial. Now, it is easy to see that O (R) = {R, R1 = k[[X3, X7, X11]], R2 =
k[[X3, X7, X8]], R3 = k[[X3, X4, X5]], R4 = k[[X2, X3]], R5 = R ′ = k[[X]], L = qf (R) = k((X))}. Also it
is easy to check that each overring is divisorial (Lemma 3.1). By Theorem 2.3, |SSFc(R)| = |O (R)| =
7 = 6+ dim R .
Example 3.8. Let R be a one-dimensional Prüfer domain with exactly three maximal ideals. Such a
domain can be constructed as an intersection of three independent one-dimensional valuation do-
mains with the same quotient ﬁeld. Indeed, let k be a ﬁeld, X an indeterminate over k and set
V1 = k[X](X−a) , V2 = k[X](X−b) , V3 = k[X](X−c) , where a,b and c are distinct element of k. Then let
R = V1 ∩ V2 ∩ V3. Clearly R is a one-dimensional Prüfer domain with Spec(R) = {(0),M1,M2,M3}. By
[11, Corollary 2.4], O (R) = {R, RM1 , RM2 , RM3 , RM1 ∩ RM2 , RM1 ∩ RM3 , RM2 ∩ RM3 , L}. Hence |SSFc(R)| =|O (R)| = 8= 7+ dim R , as desired.
Next, we present a method for constructing non-Notherian, non-Prüfer local domains R with arbi-
trary dimension n 2 such that |SSFc(R)| = |O (R)| = s + dim R for s = 3,4,5.
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k[[X2, X7]], resp. R1 = k[[X3, X5]]). Then R1 is one-dimensional Noetherian local divisorial domain,
each overring of R1 is divisorial and |O (R1)| = |SSFc(R1)| = 3+ dim R1 (resp. |O (R1)| = |SSFc(R1)| =
4 + dim R1, resp. |O (R1)| = |SSFc(R1)| = 5 + dim R1) (Examples 3.2, 3.3 and 3.5). Set L1 = k((X)) =
qf (R1), V1 = L1[[X1]] = L1 +M1 and R2 = R1 +M1. By [2, Theorem 2.1], dim R2 = 2 and R2 is neither
Noetherian nor a Prüfer domain. Also by [2, Theorem 3.1 and Corollary 4.4], R2 is divisorial and each
overring of R2 is comparable to V1. But since V1 is a DV R , then O (R2) = {D + M1 | D ∈ O (R1)} ∪
{L2 = qf (R2)}. Here too, by [2, Corollary 4.4], each overring of R2 is divisorial and by Theorem 2.3,
|O (R2)| = |SSFc(R2)| = |O (R1)| + 1 = 3 + dim R1 + 1 = 3 + dim R2 (resp. |O (R2)| = |SSFc(R2)| = 4 +
dim R2, resp. |O (R2)| = |SSFc(R2)| = 5+ dim R2).
Set V2 = L2[[X2]] = L2 + M2 and R3 = R2 + M2. By the same argument, dim R3 = 3, R3 is neither
Noetherian nor a Prüfer domain, each overring of R3 is divisorial and |O (R3)| = |SSFc(R3)| = 3 +
dim R3 (resp. |O (R3)| = |SSFc(R3)| = 4+ dim R3, resp. |O (R3)| = |SSFc(R3)| = 5+ dim R3).
Now, by induction on n = dim R suppose that we construct a non-Noetherian, non-Prüfer local
divisorial domain Rn with quotient ﬁeld Ln such that each overring of Rn is divisorial, dim Rn = n
and |O (Rn)| = |SSFc(Rn)| = 3 + dim Rn (resp. |O (Rn)| = |SSFc(Rn)| = 4 + dim Rn , resp. |O (Rn)| =
|SSFc(Rn)| = 5 + dim Rn). Set Vn = Ln[[Xn]] = Ln + Mn and Rn+1 = Rn + Mn . By [2, Theorem 2.1],
dim Rn+1 = n + 1 and Rn+1 is neither Noetherian nor a Prüfer domain. Also by [2, Theorem 3.1 and
Corollary 4.4], Rn+1 is divisorial and each overring of Rn+1 is comparable to Vn . But since Vn is
a DV R , then O (Rn+1) = {D + M1|D ∈ O (Rn)} ∪ {Ln+1 = qf (Rn+1)}. Here too, by [2, Corollary 4.4],
each overring of Rn+1 is divisorial and by Theorem 2.3, |O (Rn+1)| = |SSFc(Rn+1)| = |O (Rn)| + 1 =
3 + dim Rn + 1 = 3 + dim Rn+1 (resp. |O (Rn+1)| = |SSFc(Rn+1)| = 4 + dim Rn+1, resp. |O (Rn+1)| =
|SSFc(Rn+1)| = 5+ dim Rn+1), as desired.
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